Rapid polar motions are irregular low amplitude fluctuations of the rotation pole of the Earth that occur over timescales of days to months. They have been attributed primarily to variations in atmospheric angular momentum (AAM), with a contribution from oceanic angular momentum as well. Monte Carlo experiments conducted by Stieglitz & Dickman suggest that, given the observed correlations between AAM and rapid polar motion, only two-thirds of the atmospheric excitation is actually being transferred to the solid earth's rotation. Consequently, the traditional procedure for correcting polar motion for atmospheric effects, by simply subtracting the original AAM time-series, is inefficient.
INTROD U C T I O N
Mass redistribution and motion resulting from geophysical processes on or within the Earth produce a misalignment between the rotation axis and axis of symmetry of the Earth that leads to motion of the rotation pole. Polar motion data display a range of irregular low amplitude rapid polar motions that occur over subseasonal timescales (days to months). Rapid polar motions are thought to be principally caused by changes over time in atmospheric angular momentum (AAM) associated with winds and especially surface air pressure variations (Eubanks et al. 1988; Gross & Lindqwister 1992; Nastula 1992; Chao 1993; Kuehne et al. 1993) . Correlations between AAM and the geodetic excitation that causes rapid polar motion (obtained by deconvolving the polar motion data) have averaged around 0.4 to 0.6 (Eubanks et al. 1988; Nastula 1992; Chao 1993; Kuehne et al. 1993; Nastula et al. 1997) .
Polar motion data must be corrected for atmospheric effects in order to explore any other cause of polar motion, or to isolate specific features such as tidal signals. Theoretically, as a consequence of the principle of conservation of angular momentum, we would expect all AAM to contribute directly to the rotation of the Earth. Correspondingly, the typical procedure for removing the effect of the atmosphere on polar motion is to simply subtract the AAM timeseries from the geodetic excitation. Stieglitz & Dickman (1999) used Monte Carlo testing to explore the transfer of AAM to the rotation of the Earth. Their Monte Carlo experiments correlated geodetic excitation with synthetic AAM time-series consisting of that same geodetic excitation plus varying amounts of noise. They found that the resulting correlations were comparable to those observed between geodetic and the actual AAM data if the synthetic time-series had a signal-to-noise ratio of ∼ 2:1 or, in other words, if the synthetic signal was approximately two parts geodetic and one part non-geodetic.
Stieglitz & Dickman concluded that AAM excitation possesses a geodetic content versus noise in the same proportion, 2:1; that is, only two-thirds of the observed AAM variation is geodetic and actually transfers to the solid earth to influence polar motion. This was a surprising result because any change in angular momentum within the Earth system should affect the rotation of the Earth. It implies that simple subtraction of the AAM time-series from geodetic excitation to eliminate the contribution of the atmosphere is an inefficient procedure. Instead, atmospheric effects could be more precisely eliminated from polar motion data by isolating only the geodetic part of AAM, before proceeding with the subtraction.
The purpose of this article is to explore the ability of Wiener filters to achieve that isolation and improve the elimination of atmospheric effects from polar motion data. Wiener filters can be designed to produce an output time-series containing signals that are shared by the input and a second time-series, called the desired output. In this study, we filter AAM data using geodetic excitation as the desired output, to produce an output AAM time-series consisting more nearly of geodetic AAM, that portion of AAM which transfers to the rotation of the Earth. This output is denoted WAAM. We address the question of whether such shaping of AAM can succeed, given the multiplicity of sources of (and noise in) both the AAM and geodetic data sets. Then we evaluate the Wiener filtering using numerical experiments with real and synthetic data and present an application of WAAM to the detection of tidal signals in rotational data.
WIEN E R F I LT E R I N G
Given an input time-series X (t) and a desired output Z (t), the Wiener filter f (t) is designed to produce an actual output Y (t) that is as closely correlated with the desired output as possible, in the sense that the mean square error between the actual and desired output is minimized (Robinson 1967; see Fig. 1) .
We assume that the two time-series X (t) and Z (t) are stationary and ergodic. The Wiener filter is constructed by minimizing the net squared error between the actual and desired output,
2 dt, or in discrete form
where n is the number of data points and l + 1, also denoted r, is the length of the filter. Because Y i is the output to the filter we can write
This error is minimized by setting
Figure 1. Concept of Wiener filtering. Schematic diagram of the Wiener filtering process indicating the input time-series, X (t), convolved with a Wiener filter f (t), designed with regard to the desired output Z (t), to produce the actual output Y (t). Taken from Robinson (1967) . (Robinson 1967) . Here, φ XX ( j − i) is the autocorrelation function of the input at lag ( j − i) and φ ZX ( j) is the cross-correlation function between the desired output and input at lag j. Our data will consist of daily samples, so we set t ≡ 1. The normal equations, eq. (2), expressed in matrix form as
or, symbolically,
can be solved for the Wiener filter coefficients f = φ Z X · [φ X X ] −1 by recursion (Robinson 1967) . Finally, as discussed below, the AAM input and geodetic desired output are each 2-D (each contains x and y components), so each filter element f i is a 2 × 2 matrix. The generalization of the above theory to such multichannel filtering is outlined in Robinson (1967) .
DATA AND DATA P RO C E S S I N G
Our atmospheric data consists of equatorial AAM (x component along the Greenwich meridian, y component along 90
• E), computed four times daily from measurements of atmospheric pressure and wind velocity using the formulation of Barnes et al. (1983) as modified by Dickman (2003) . These time-series were provided as part of the National Centers for Environmental Prediction/National Center for Atmospheric Research (NCEP/NCAR) reanalysis effort (Kalnay et al. 1996 ; see also Salstein & Rosen 1997) . Winds were integrated to 10 hPa for the wind component of AAM. The pressure component of AAM was provided both with and without a correction for the isostatic (inverted barometer, IB) response of the oceans to atmospheric pressure fluctuations (Barnes et al. 1983; Eubanks et al. 1988; Chao 1993; Kuehne et al. 1993 ; see also Munk & MacDonald 1960) . We have also constructed an AAM data set corrected for a more realistic dynamic (DB) response of the oceans to atmospheric pressure variations, using the approach of Dickman (1998) .
We analysed the subset of daily (midnight) AAM data spanning from 1979 January 1 to 2000 January 21 (7691 d). Using leastsquares regression, we detrended the time-series to make it more nearly stationary and removed seasonal periodicities so the Wiener filtering process would not be dominated by correlations between seasonal AAM and geodetic signals; see Figs 2-4.
Following Chao (1985) , our investigation of rapid polar motion focuses on the associated geodetic excitation (often denoted χ), which we obtained by deconvolving the natural rotational response of the Earth, the Chandler wobble, from the SPACE99 polar motion time-series (Gross 2000) using the procedure outlined by Wilson (1985) . The SPACE99 data is provided twice daily based on a Kalman filtered combination of lunar and satellite laser ranging, very long baseline interferometry and global positioning system Earth orientation measurements (see also Gross et al. 1998) . For the deconvolution, the observed frequency and quality factor of the Chandler wobble were taken to be 0.0022889 cycle d −1 and January 21, in units of 10 −6 rad. The AAM data are daily NCEP/NCAR reanalysis values, detrended and deseasoned by least-squares regression and re-scaled according to Dickman (2003) . The geodetic excitation was deconvolved from SPACE99 data according to Wilson (1985) , and detrended and deseasoned by least-squares regression. WAAM is the output to Wiener filtering of AAM using geodetic excitation as desired output, with filters of length 50 and 1000
175, respectively (Wilson & Vicente 1990) . The deconvolution (eq. 3 of Wilson 1985) produces a time-series spaced daily, but 12 hr later than the original polar motion samples. Daily noon polar motion thus yielded daily midnight geodetic excitation for comparison with midnight AAM. The geodetic excitation time-series was also detrended and deseasoned using least-squares regression; see Figs 2-4.
JUST I F I C AT I O N F O R A W I E N E R F I LT E R A P P ROA C H
The ability of a Wiener filter to shape an input time-series based on a second, desired output time-series requires that connections exist between those time-series. Strong correlations between AAM and geodetic excitation have previously been established (e.g. Eubanks et al. 1988; Chao 1993; Kuehne et al. 1993) ; however, because there are multiple sources of polar motion excitation, such connections alone do not guarantee the success of Wiener shaping.
To explore this further, we model our input AAM as the sum of a geodetically meaningful signal, S g , plus non-geodetic signals and/or noise, S ng ; and the geodetic excitation time-series, our desired output, as including an atmospheric component, S a , plus non- atmospheric excitations or noise, S na . As the AAM is already in the form of a rotational excitation, S g is by definition equivalent to S a . In symbolic terms, then,
Our Wiener filter will be successful if Z (t) accurately guides the filter construction so that the actual output, WAAM, equals S g . Now, if S a and S na had similar character and amplitude, they would be statistically indistinguishable and there would be no way to determine whether the Wiener filter had derived WAAM based solely on S a . In order for the filter to succeed, S na should contain distinctly different time domain patterns than S a , or be low in amplitude relative to S a . By the way, the requirement for distinctly different time domain patterns implies that the presence of noise in either data set should not hinder filter construction.
We can show this mathematically as follows. The normal equations, eq. (2), can now be written as
with X (t) the input AAM time-series, and expanded to
Writing eqs (4a) and (4b) in matrix form, f · [φ X X ] = (φ Sa X + φ Sna X ), we can solve for the filter coefficients, yielding
Thus, it is clear that geodetic noise will not affect the filter coefficients because it should be uncorrelated with AAM. In contrast, the filter determination can be affected by the cross-correlation between the input (AAM) and the non-atmospheric processes contributing to geodetic excitation. There are numerous geophysical processes that can excite rapid polar motion, including long-period tides, earthquakes and oceanic angular momentum (OAM). However, the non-seasonal tidal signals in S na are distinctive from S a (and thus S g ), because they occur at a few specific frequencies and because the atmosphere is not measurably affected by gravitational tidal forces. Earthquake excitations should appear as step functions in geodetic data (Mansinha & Smylie 1968 ; a distinctly different time domain pattern than rapid AAM fluctuations) and for most events are also predicted to be relatively small in amplitude. For both of these processes, φ Sna X is essentially negligible and the Wiener filter determination from eq. (5) should be uncorrupted.
On the other hand, OAM has the potential to bring uncertainty into our results. Studies by Kuehne et al. (1993) and Johnson et al. (1999) , for example, reveal a significant non-isostatic response of the oceans to atmospheric pressure fluctuations; and recent ocean circulation models developed by Ponte (1997) and Johnson et al. (1999) yield OAM that when combined with AAM correlates better with the geodetic excitation. (Gross et al. 2003) . The 99.9 per cent confidence threshold for cross-correlations differing statistically from 0 is approximately 0.04, using Bartlett's formula (Box et al. 1994 ; see also Eubanks et al. 1988 Eubanks et al. ). et al. 2003 , with AAM. OAM is typically less than half the magnitude of AAM with no oceanic barometer response (NOB) and AAM DB, though it is comparable in amplitude to AAM IB. On the other hand, correlations (shown in Table 1 ) between this OAM data set and our AAM time-series are low, especially for AAM IB. Thus it is unlikely that φ Sna X from OAM will be large enough to interfere with the ability of our Wiener filter to produce geodetically more meaningful AAM.
Our own analysis (e.g. Table 2 ) finds that the cross-correlation between AAM and S a , φ Sa X , is roughly 0.6 in magnitude. From Dickman (2003) and the geodetic excitation was deconvolved from SPACE99 data according to Wilson (1985) . Parentheses denote results after Butterworth-filtering the AAM; r = l + 1 denotes length of the Wiener filter used to produce WAAM. The 99.9 per cent confidence threshold for cross-correlations differing statistically from 0 is approximately 0.04, using Bartlett's formula (Box et al. 1994 ; see also Eubanks et al. 1988) . Figure 6 . Coherence between AAM (DB) and WAAM of multiple filter lengths; x-axis is frequency, in cycle d −1 , and y-axis is the squared coherence, as defined by Gross (1986) , with a smoothing parameter of 50. The length of the Wiener filter is r ≡ l + 1; the dashed line is the 99 per cent confidence level, 0.045, as calculated using Gross (1986) . We see that the coherence between AAM and WAAM more closely resembles that between AAM and the geodetic excitation (bold black curve) as the filter length increases. Table 1 the cross-correlations between AAM and the nonatmospheric (oceanic and otherwise) components of geodetic excitation, φ Sna X , should be no larger than 0.2. φ Sa X is therefore at least approximately three times larger in magnitude than φ Sna X , implying that the influence of S na on f is minor. We conclude that the geodetic excitation time-series will be a reliable guide for the determination of geodetic AAM.
OPTI M A L W I E N E R F I LT E R PA R A M E T E R S
Properties of the Wiener filter such as its length and the number of input or output channels are adjustable depending on the application. Our determination of the optimal parameters for processing AAM (in the NOB, IB and DB cases) is summarized below.
Determination of optimal number of channels
The choice of the optimal number of channels was primarily geophysical rather than numerical. A two channel Wiener filter, where X (t), Z (t) and Y (t) each include both x and y components, can detect inter-relations between each channel of AAM and both components of geodetic excitation. It therefore allows us to consider the possibility that AAM and polar motion are non-orthogonally related, i.e. that an AAM fluctuation of either component can excite both components of polar motion.
Determination of optimal filter length
We used three types of numerical criteria to determine bounds on this parameter: the mean square error, I, between the actual WAAM output and the desired geodetic output (eq. 1); the squared coherence (as defined by Gross 1986 , with a smoothing parameter of 50) between WAAM and either AAM or the geodetic excitation; and visual comparison of WAAM, AAM and geodetic excitation in the time domain.
The mean square error decreases as the number of filter coefficients increases. We calculated a normalized version of I (l) according to Robinson (1967) ; its graph versus filter length initially shows a rapid change in slope, but beyond ∼25 coefficients the slope becomes nearly constant. This behaviour suggests that much of the non-geodetic power in AAM has been filtered out with the first 25 coefficients of f, implying a lower bound for l of ∼25.
Estimating upper bounds on filter length is less straightforward. The squared coherence between AAM and WAAM (see Fig. 6 ) gradually approaches that between AAM and geodetic excitation as the filter length increases. This is expected because, as the filter length approaches the number of input data points, the filter operates increasingly as a least-squares fit and the input AAM is transformed more completely into the geodetic excitation. We find the coherence to be distinctly non-geodetic for filter lengths of ∼2000 or less. Time domain comparisons support this finding: for filters longer than ∼2000, WAAM contains the same temporal patterns as geodetic excitation, differing only in amplitude.
Our particular application of Wiener filtering for refining AAM provides us with an additional way to estimate an upper bound on filter length. If the chosen filter length were too long, forcing the WAAM time-series to conform artificially to the geodetic excitation, then tidal signals present in the geodetic data would be forced into the WAAM; correcting the geodetic excitation for atmospheric effects using WAAM would then eliminate them from the residual. As shown later in this article, however, the WAAM correction to geodetic data instead clarifies and enhances the existing tidal signals, supporting our determination of optimal filter length.
In summary, WAAM should be created from filters exceeding 25 coefficients in length but with fewer than 2000 coefficients in order to retain a character that is distinctive from geodetic excitation. For this work, we have selected filter lengths of 50 and 1000 coefficients, in order to highlight both light and heavy processing by the Wiener filter (see Figs 2-4).
ASSE S S M E N T O F W I E N E R F I LT E R E D A A M
In the time domain the amplitude of WAAM (NOB, IB, or DB) is reduced by at least one-third compared with AAM, with greater amplitude reduction in the x component (see Figs 2-4) . As shown by their spectra (Fig. 7) , this is at least partly the result of WAAM containing less noise than the original AAM, particularly at periods of 5-10 d. The WAAM spectrum is consequently more reddish than the AAM spectrum, just like the geodetic excitation is; this suggests that the Wiener filter has promoted that attribute of the desired output and screened out some of the high-frequency noise in AAM.
The squared coherence between AAM and WAAM ( Fig. 6 ) is low around 6-8 and 18-25 d for all three cases, and additionally 9-16 d for the NOB and DB cases; these may indicate frequency bands in which non-geodetic AAM power had been screened out from WAAM. Most of the lowest coherence occurs in prograde bands; AAM and WAAM are more coherent in the retrograde spectrum. Of course, coherence between geodetic excitation and WAAM (not shown) is greater than that between geodetic excitation and AAM for all three cases (NOB, IB and DB), suggesting that WAAM is more geodetically meaningful than AAM. This is also reflected in the higher correlation coefficients between WAAM and geodetic excitation (see Table 2 ). For some of these correlations, a fifth-order Butterworth filter, with a cut-off frequency of 0.1 cycle d −1 , was applied to AAM or WAAM prior to calculating the correlation: this filter was originally employed by Chao (1993) to compensate for the different temporal resolutions of AAM (1 d) and geodetic data (3-5 d prior to its Kalman filtering), though for WAAM it may not be necessary (cf. Table 2 ). Incidentally, DB corrected AAM generally correlates higher than NOB and IB AAM, suggesting that the dynamic barometer response represents an improvement over both the isostatic model and no oceanic response; and it produces WAAM that has the highest correlation with geodetic excitation.
Cross-excitations
For two-channel Wiener filters, in which each coefficient takes the form of a 2 × 2 matrix, we can construct a direct impulse response function f x,x (t) + i · f y,y (t) and a cross impulse response function f x,y (t) + i · f y,x (t). The former represents that part of the Wiener filter which processes x component AAM according to x component geodetic excitation and y component AAM according to y component geodetic excitation; the cross impulse response function allows for non-orthogonality between AAM and polar motion, processing x component AAM according to y component geodetic excitation and y component AAM according to x component geodetic excitation. Taking the Fourier transform of each of these impulse response functions yields direct and cross-transfer functions of the Wiener filter; see Fig. 8 .
Non-orthogonal connections between the atmosphere and polar motion may allow polar motion excitation to be characterized more realistically. For example, atmospheric winds may drag sea water north or south, but with the current redirected by the Coriolis force or a land barrier the resulting polar motion would include both x and y components. Alternatively, torques produced by zonal winds acting on the angled face of a mountain would also include both x and y components.
High amplitude in the cross-transfer function reveals period ranges where non-orthogonal excitation between AAM and rapid polar motion most likely occurs: for the DB and NOB cases, periods in the range of 11-14 d prograde and also very long periods (∼180 d and longer) stand out; for the IB case, periods of 7-8 and 11-18 d retrograde are most prominent (for r = 50). Because the IB response results in reduced atmospheric + oceanic pressure excitation over the oceans, these latter period ranges may represent cross-excitations that occur over land only. The distinctiveness of IB WAAM from DB and NOB WAAM, seen in the cross-transfer function (and apparent in the coherence patterns as well), is consistent with speculations by Eubanks et al. (1988) and Kuehne et al. (1993) that there is a contribution to rapid polar motion from AAM over the oceans that is marginalized by the IB correction.
APPL I C AT I O N O F WA A M T O T I D E S
With an improved AAM correction, we can better investigate nonatmospheric contributions to rapid polar motion, such as those by fortnightly and nine-day tides. Figs 9 and 10 show the Fourier transforms of geodetic excitation and geodetic excitation with atmospheric contributions removed using either AAM or WAAM. A fortnightly signal is seen in all time-series, consistent with Gross et al. (1996) (as is the lack of a visible monthly tide in the spectrum). However, with WAAM (especially the r = 1000 version) subtracted, a peak becomes visible at the prograde nine-day tidal frequency.
From the periodogram, we estimate the amplitude above noise of the retrograde fortnightly tidal peak (Mf and its sideband) to be 1.254 ± 0.360 × 10 −8 rad, the prograde fortnightly peak (including its sideband) at 1.161 ± 0.287 × 10 −8 rad and the prograde nineday tidal peak (M9 and its sideband) at 0.475 ± 0.137 × 10 −8 rad. The error bars are based on the noise levels and correspond approximately to 3σ uncertainties. The model predictions of Mf + Mf by Dickman (1993; see Gross et al. 1996 for the conversion to geodetic excitation amplitudes) are 0.863 × 10 −8 rad for the prograde fortnightly tidal band, 1.178 × 10 −8 rad for the retrograde fortnightly band and 0.218 × 10 −8 rad for the prograde nine-day band (M9 + M9 ). Detection of the prograde component of the nine-day tide is possible because of the use of a WAAM rather than an AAM correction, though even with WAAM the uncertainties are relatively large. The retrograde component of the nine-day tide evidently remains hidden in noise.
For the fortnightly band, the tide model of Seiler (1991) 
CONC L U S I O N S
We have experimented with the use of a Wiener filter, employing AAM as input and geodetic excitation as desired output, in order to create an AAM time-series with a higher geodetic signal-to-noise ratio. Our resulting WAAM time-series is reduced in noise from the original AAM has improved correlation and coherence with geodetic excitation and suggests the existence of non-orthogonal cross-excitations. Using a WAAM correction has revealed the nine-day tidal signal in polar motion excitation data for the first time, and lends some support to the fortnightly tide models of Dickman (1993) and Seiler (1991) .
At the suggestion of one reviewer, we explored the possibility that our Wiener filtering procedure would yield improved results if applied separately to the better quality, more recent data (both AAM and geodetic) than if the filter design was based (as elsewhere in this article) on the entire span of data. We found that the filter based on 1992-1999 data indeed produced more geodetic-like AAM within that time span (judging from the larger-amplitude transfer function and lower mean square error of the filter) than did the filter designed from the full 1979-1999 data. However, similarities between the respective output (WAAM) time-series, their power spectra and their coherence with other data sets demonstrate that such improvements are modest.
Furthermore, we were unable to detect the prograde nine-day tidal signal in residual geodetic data based on only the 1992-1999 Wiener filter. Our ability to resolve the nine-day signal when the full data set was used, though possibly hindered by greater noise in the earlier years, had presumably been balanced by the noise reduction of the filter and also enhanced by the relatively much longer duration of the 1979-1999 time-series. We conclude that it is not necessary to apply our technique separately to different portions of the data set that are characterized by contrasting noise levels.
A variety of further investigations can be envisioned. Wiener filtering experiments using land AAM and ocean AAM as separate inputs might yield a more precise determination of which frequency bands contain land versus ocean related geodetic signals. Or, threechannel Wiener filter processing, with three channels of AAM (x, y and z) as input and polar motion and length-of-day (LOD) data as desired output, could allow more extensive cross-excitations to be investigated. For example, Nastula (1995) found that the same geophysical mechanism causing an LOD change in 1988 also caused a variation in y component polar motion; she attributed this variation to fluctuations in the 35-55 d band. If the mechanism is atmospheric, we would expect a peak in the y-z cross-transfer function in the same frequency band.
Still another potentially informative line of research might involve application of our Wiener filter to OAM, with geodetic excitation minus WAAM as desired output. If the filter output, a refined wiener-filtered oceanic angular momentum (WOAM), is subtracted from the geodetic excitation as well, the resulting residual time-series should more clearly reveal seismic and other (non-atmospheric, non-oceanic) excitation of polar motion.
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